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Abstract
We compute the rational Betti numbers of the configuration space Ck(M) of k points in an even-
dimensional orientable closed manifold M and prove that these numbers depend only on the rational
cohomology algebra of the manifold. We give also a formula for the Euler–Poincaré characteristic of
Ck(M) in terms only of k, and of the Euler–Poincaré characteristic of M . Ó 2000 Elsevier Science
B.V. All rights reserved.
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Let M be a connected m-dimensional orientable closed smooth manifold. Denote by
F(M,k)= {(m1,m2, . . . ,mk), mi 6=mj for i 6= j } the space of ordered configurations of
k distinct points in M (with the obvious topology). The symmetric group Σk acts freely
on F(M,k) and the orbit space, Ck(M)= F(M; k)/Σk , is called the space of unordered
configurations of k points in M . These configuration spaces are important in topology and
appear in particular as approximations to certain function spaces (see, e.g., [1,2,5]).
A long standing conjecture asserts that the homotopy type of Ck(M) depends only on
the homotopy type ofM . Some important results in this direction have been obtained. First
of all, the homotopy type ofΩF(M,k) depends only on the homotopy type ofM [14]. On
the other hand, I. Kriz [13] and B. Totaro [17] have recently given a model for the rational
homotopy type of F(M,k) depending only on k, the graded algebra H ∗(M;Q) together
with its canonical orientation class when M is a smooth projective complex variety.
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Let us restrict ourselves to the computing of the homology of configuration spaces. The
ranks ofH∗(Ck(M);F2) have been shown to be determined by the F2-Betti numbers ofM ,
the dimension of M , and the integer k [15]. This result has been extended in 1989, by
C.-F. Bödigheimer, F. Cohen and L. Taylor, to odd-dimensional closed manifolds: For
F = Fp, p odd or F = Q, the ranks of H∗(Ck(M);F) are determined by the F-Betti
numbers of M and the integers m and k [5]. This result is no longer true for even-
dimensional manifolds [3].
In this paper we prove that for an even-dimensional orientable closed manifold M , the
rational Betti numbers of Ck(M) are determined by the graded algebra H ∗(M,Q).
More precisely, let q and m be even integers. We construct a free commutative
differential graded algebra (
∧
(V ⊕W),D) with a differential D of degree 1 as follows.
Let ∆(z)=∑i z′i ⊗ z′′i denote the diagonal in H∗(M;Q), we put
V q+m−r = sq+mHr(M), D(V )= 0,
W 2q+2m−1−r = s2(q+m)−1Hr(M), D(s2(q+m)−1z)=
∑
i
sq+mz′i ⊗ sq+mz′′i .
A lower grading on the algebra
∧
(V ⊕W) is defined by putting V in lower grading 1
and W in lower grading 2. Since D(W) ⊂ ∧2 V , the graded vector space Fr =⊕
2p+s=r
∧p
W ⊗ ∧s V is a subcomplex of (∧(V ⊕ W),D) whose cohomology is
denoted by Hr(
∧
(V ⊕W),D).
Theorem A. Let M be an m-dimensional nilpotent orientable closed manifold, with m
even.
(1) For all positive even integer q there is an isomorphism of graded vector spaces⊕
k>1
sqkH ∗
(
Ck(M);Q
)∼= H˜ ∗(∧(V ⊕W),D).
(2) For each k and q > km, there is an isomorphism
sqkH ∗
(
Ck(M);Q
)∼=Hk(∧V ⊗∧W,D).
Remark. Part (1) of the theorem is related to the result of R.F. Brown and J.H. White who
have computed the Betti numbers of F(M,3), in 1981, using Morse theory [6]).
Proof of part (2) of Theorem A. For sake of simplicity, denote Gr = Hr(∧V ⊗∧
W,D), and A[s,t ] the subvector space
⊕
s6i6t A
i of A=⊕p>1Ap . By construction,
V = V [q,q+m] and W =W [2q+m−1,2q+2m−1]. Therefore Gk =G[qk,(q+m)k]k . Since M is a
manifold of dimensionm, we also haveHs(Ck(M);Q)= 0 for s > km. Fix some q > km.
Then, the two obvious equalities(⊕
r>1
sqrH ∗
(
Cr(M);Q
))[qk,(q+m)k] = sqkH ∗(Ck(M);Q)
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and (⊕
r>1
Gr
)[qk,(q+m)k]
=Gk
imply part (2) of Theorem A. 2
We deduce from Theorem A a formula for the Euler characteristics of configurations
spaces.
Theorem B. The Euler characteristics of the configuration spaces Ck(M) of an even-
dimensional orientable closed manifold M are given by the following formula
1+
∞∑
k=1
χ
(
Ck(M)
)
tk = (1+ t)χ(M).
Therefore the integersχ(Ck(M)) depend only on k and χ(M). In particular,χ(Ck(M)) =
0 if χ(M)> 0 and k > χ(M).
Note that χ(F(M,k)) = k!χ(Ck(M)). The computation of χ(Ck(M)) can also be
derived from the Fadell–Neuwirth fibrations [8].
1. The space of finite configurations in M with labels in X
Let M be a compact manifold and (X,∗) be a pointed space. The space, C(M;X),
of finite configurations in M with labels in X is a quotient of the disjoint union∐∞
k=1F(M,k)×Xk . More precisely
C(M;X)=
(∐
k>1
F(M,k)×Σk Xk
)/
∼,
where ∼ is generated by the relations
(z1, . . . , zk;x1, . . . , xk)∼ (z1, . . . , zk−1;x1, . . . , xk−1) if xk = ?.
For instance when X = S0 then C(M;X) = ∐k>1Ck(M) is the space of all finite
configurations in M .
The subspaces
Ci(M;X)=
i∐
k=1
F(M,k)×Σk Xk/∼
define a natural filtration of the space C(M;X) with C1(M;X)=M ∧X. For any k > 1
the natural inclusions
Ck−1(M;X) ↪→ Ck(M;X)
are closed cofibration with cofibres,
Dk(M;X)= Ck(M;X)/Ck−1(M;X)= F(M,k)×Σk X∧k/F (M,k)×Σk ?.
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If X is connected then the space C(M,X) stably splits as
∨
k Dk(M;X) [2,4, §8]. In
particular, for any field of coefficients F, we have
H˜∗
(
C(M;X);F)∼=⊕
k>1
H˜∗
(
Dk(M;X);F
)
.
Furthermore if X = Sq is an even-dimensional sphere, then
H˜∗
(
Dk(M;X);F
)∼=H∗(Ck(M); (H˜∗Sq)⊗k),
whereΣk acts by permutation of coordinates on (H˜∗Sq)⊗k with the usual sign conventions.
Since H˜∗(Sq) is concentrated in an even degree, (H˜∗Sq)⊗k is a trivial Σk-module.
Therefore,
Proposition 1 [2,4].
H˜∗
(
C(M;Sq);F)= ∞⊕
k=1
sqkH∗
(
Ck(M);F
)
.
Given k > 1 and q >mk even, we have
H∗
(
Ck(M)
)= s−qkH[qk,qk+mk]C(M,Sq).
In particular, the Betti numbers of Ck(M) are determined by those of C(M;Sq).
2. Sections spaces
A basic result in the theory is the identification of C(M;X) as the space of sections of a
fibre bundle T̂ (M;X) over M [16,2].
We first consider the one point fibrewise compactification of the tangent bundle, TM . It
is a fibre bundle denoted by
Sm→ T̂ M→M.
The smash product over M of TM with the trivial bundle M ×X
ΣmX→ T̂ (M;X)→M (τX)
is also a fiber bundle called the fibrewise smash product of T̂ M with X.
Proposition 2. If M is an orientable nilpotent closed manifold, then the fibration τX is a
nilpotent fibration.
Proof. SinceM is orientable, the frame bundle P →M is an SO(n)-principal fibre bundle.
The associated fibre bundle with fibreΣnX is thus the pullback of the universal associated
bundle
ΣnX→ESO(n)×SO(n) ΣnX→ BSO(n).
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Here, the group SO(n) acts freely on ESO(n) as usual. The action on ΣnX = Sn ∧X is
obtained by the action on the left factor induced by the natural action on TxM ∼=Rn living
fixed the point at infinity. Since BSO(n) is simply connected, by naturality, pi1(M,x) acts
trivially on H∗(ΣnX). Thus the given fibration is nilpotent. 2
We denote by Γ (M;X) the space of sections of the fibration τX . The fundamental result
of MacDuff states:
Proposition 3 ([16], see also [2, Proposition 2, p. 180]). If M is compact and if either M
or else X is connected then there is a weak homotopy equivalence
C(M;X)→ Γ (M;X).
WhenX is (r−1)-connected with r > m, then Whitehead lifting lemma and elementary
obstruction theory imply that the space Γ (M;X) is (r −m)-connected. Thus the spaces
C(M;X) and Γ (M;X) have the same rational homotopy type.
Now we use Proposition 2 to prove the following theorem that in turn implies Theorem A
of the Introduction.
Theorem A′. Let M be a m-dimensional orientable closed manifold such that pi1(M) is
a nilpotent group acting nilpotently on each pii(M), i > 2. We suppose that m + q is
even. Then the minimal model of Γ (M;Sq) is quasi-isomorphic to the graded differential
algebra (
∧
(V ⊕W),D) where:
(a) ∧(V ⊕W) denotes the free commutative graded algebra generated by the graded
vector space V ⊕W ;
(b) V = sq+mH∗(M), i.e., V q+m−r =Hr(M,Q);
W = s2(q+m)−1H∗(M), i.e., W 2(q+m)−r−1 =Hr(M,Q);
(c) let ∆ be the diagonal on H∗(M,Q) then the differential D is defined by D(V )= 0
and D(s2(q+m)−1w)= sq+m ⊗ sq+m(∆w), for w ∈H∗(M).
The isomorphism in part (1) of Theorem A is thus obtained by combining the following
isomorphisms⊕
k>1
sqkH∗
(
Ck(M)
)∼=⊕
k>1
H˜∗
(
Dk(M,S
q)
)∼= H˜∗(C(M,Sq))
∼= H˜∗
(
Γ (M,Sq)
)∼= H˜∗(∧(V ⊕W),D).
3. Proof of Theorem A′
A minimal model for Γ (M,Sq) has been constructed by A. Haefliger ([10], see also [20,
21]). Before beginning the proof we remark that one of the purposes of A. Haefliguer was
to compute the E2-term of the Gelfand–Fuks spectral sequence [11]. ThisE2-term has also
been evaluated by F. Cohen and Taylor in terms of the spaces Dk(M;X) [7].
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For the convenience of the reader and to make some points and notation more precise, we
sketch here Haefligers’s construction. We refer to [19] or [9] for terminology from rational
homotopy theory. We note that every connected space admits a minimal model, unique up
to isomorphism. A model for a space is a commutative differential graded algebra quasi-
isomorphic to the minimal model of the space.
We begin by describing a model for the fibration (τSq ) :Sq+m→ T̂ (M;Sq)→M with
fibre Sq+m when m+ q is even.
Denote by (
∧
V,d) the minimal model ofM . The graded vector space I = (∧V )>m⊕
R, with R a complement of the vector space formed by the cocycles in (
∧
V )m, is an
acyclic ideal. The quotient map is thus a quasi-isomorphism(∧
V,d
)
→ (A,dA)=
(∧
V,d
)/
I.
Since pi1(M) is a nilpotent group acting nilpotently on pii(M), i > 2, V is a finite type
graded vector space. Therefore (A,dA) is a finite-dimensional model of M .
By [10], the fibration τSq admits a Sullivan model (in the sense of Koszul–Sullivan) of
the form
APL(M) APL(T̂ (M;Sq)) APL(Sq+m)
(
∧
V,d)
∼=
(
∧
V ⊗∧U,D)
∼=
(
∧
U, d¯)
.
Here APL denotes the Sullivan PL-forms functor, and (
∧
U, d¯) = (∧(x, y), d¯) with
|x| = q +m, |y| = 2(q +m)− 1, d¯x = 0 and d¯y = x2. By definition of a Sullivan model
D(x) is a decomposable element in
∧
V and D(y) − x2 is the sum of a decomposable
element in
∧
V and an element in the ideal generated by x .
By taking the tensor product with (A,dA) over (
∧
V,d) we obtain the following model
for the fibration:
(A,dA) ↪→
(
A⊗
∧
U,d
)
→
(∧
U, d¯
)
. (τSq )
For degree reasons, we have dx = 0 and dy = x2. Since (∧V,d)⊗ (∧U, d¯) is minimal
and quasi-isomorphic to (A⊗∧U,d). We obtain therefore a quasi-isomorphism(∧
V,d
)
⊗
(∧
U, d¯
)
→
(∧
V ⊗
∧
U,D
)
.
Therefore the fibration Sq+m→ T̂ (M;Sq)→M is rationally trivial.
Denote by (T )0 the rationalization of a space T . Since Γ (M,Sq)0 ∼= Γ (M0, Sq0 ), the
space Γ (M,Sq) is rationally homotopy equivalent to the space C(M,Sq+m) of continuous
functions from M into the sphere Sq+m.
3.1. The Sullivan model for a mapping space
Suppose that Y is a CW-complex of dimension m and that X is (r − 1)-connected. If
r > m, then the space C(Y,X) is (r −m)-connected.
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Let (A,dA) be the finite-dimensional model for Y constructed above, and let (
∧
U,d)
be a minimal model for X. Denote by A∨ the graded dual vector space of A:
(A∨)−j =Hom(Aj ,Q), 06 j 6m.
Write A=KerdA⊕S, and KerdA = dA(S)⊕H . We fix homogeneous basis (hi)i∈I ofH ,
and (cj )j∈J of S. Therefore (as)= (hi , cj , dAcj )i∈I,j∈J is a linear basis of A whose dual
basis is denoted by (a∗s )= (h∗i , c∗j , (dAcj )∗). We now consider the morphism of algebras
ω :A⊗
∧
U→A⊗
∧
(A∨ ⊗U)
defined by{
ω(a ⊗ 1)= a ⊗ 1, a ∈A,
ω(1⊗ v)=∑i∈I ai ⊗ (a∗i ⊗ v).
Notice that the sum is finite since A is finite-dimensional.
Proposition 4 (Haefliger [10]).
(1) There exists a unique differential dA ⊗ 1 + 1 ⊗D on A ⊗∧(A∨ ⊗ V ) such that
ω(dA ⊗ 1+ 1⊗ d)= (dA ⊗ 1+ 1⊗D)ω.
(2) The graded differential algebra (∧(A∨ ⊗ U),D) is concentrated in positive
degrees.
(3) The graded differential algebra (∧(A∨ ⊗ U),D) a model for the mapping space
C(Y,X).
3.2. Coming back to Γ (M,Sq)
Applying each side of the equation of part (1) of Proposition 4 to (1⊗ x) yields
0=
∑
dcj ⊗ (c∗j ⊗ x)+
∑
(−1)|hi |hi ⊗D(h∗i ⊗ x)
+
∑
(−1)|cj |cj ⊗D(c∗j ⊗ x)+
∑
(−1)|dcj |(dcj )⊗D
(
(dcj )
∗ ⊗ x).
Collecting terms with the same first component gives
D(h∗i ⊗ x)= 0, D(c∗j ⊗ x)= 0,
D
(
(dcj )
∗ ⊗ x)= (−1)|cj |(c∗j ⊗ x).∧
(c∗j ⊗ x, (dcj )∗ ⊗ x) is acyclic, so the ideal J it generates is also acyclic. In fact J is
isomorphic to (
∧+
(c∗j ⊗ x, (dcj )∗ ⊗ x)⊗
∧
P,D) for some graded vector space P , and
filtering with the degree in
∧
(c∗j ⊗x, (dcj )∗⊗x) gives a spectral sequence whose term E2
is isomorphic to H+(
∧
(c∗j ⊗ x, (dcj )∗ ⊗ x))⊗H ∗(
∧
P,D )= 0.
Thus(∧
(A∨ ⊗ V ),D
)
→ (B,D)=
(∧
(A∨ ⊗U)/J,D
)
∼=
(∧(
h∗i ⊗ x,h∗i ⊗ y, c∗j ⊗ y, (dcj )∗ ⊗ y
)
,D
)
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is a homology isomorphism. Similarly, evaluating each side of the equation in part (1) of
Proposition 4 to (1⊗ y) in B , we obtain∑
i
(−1)|hi |hi ⊗D(h∗i ⊗ y)+
∑
j
dcj ⊗ (c∗j ⊗ y)
+
∑
j
(−1)|cj ]cj ⊗D(c∗j ⊗ y)+
∑
j
(−1)|cj |+1dcj ⊗D
(
(dcj )
∗ ⊗ y)
=
∑
r,s
(
hr ⊗ (h∗r ⊗ x)
)(
hs ⊗ (h∗s ⊗ x)
)
.
Since the products of two cocycles is a cocycle, we have
hrhs =
∑
i
αir,shi +
∑
j
β
j
r,s(dcj ). (∗)
Inserting this formula and collecting terms within the same first component gives
D(c∗j ⊗ y)= 0,
D
(
(dcj )
∗ ⊗ y)= (−1)|cj ](c∗j ⊗ y)+∑
r,s
(−1)|hr ||hs ]βjr,s(h∗r ⊗ x)(h∗s ⊗ x),
D(h∗i ⊗ y)=
∑
r,s
(−1)|hi |+|hr ||hs | αir,s (h∗r ⊗ x) (h∗s ⊗ x).
The vector space generated by the h∗i can be identified with H∗(M;Q). By the
formula (∗), the constants αir,s are related to the comultiplication ∆ in H∗(M;Q) by the
formula
∆(h∗i )=
∑
r,s
αir,sh
∗
r h
∗
s .
The multiplication law in H ∗(M) is thus given by
[hr ][hs ] =
∑
j
αir,s[hi].
Once again we simplify by taking the quotient by an acyclic ideal. In fact the ideal K
of (B,D), generated by the elements (dcj )∗ ⊗ y and D((dcj )∗ ⊗ y) is also acyclic. Since
D(h∗i ⊗y) remains a quadratic expression of the elements h∗i ⊗x , the quotient is a minimal
model. Therefore a minimal model for the section space Γ (M,Sq) is given by
(L,D)=
(∧
(h∗i ⊗ x,h∗i ⊗ y),D
)
,
with
D(h∗i ⊗ x)= 0,
D(h∗i ⊗ y)=
∑
r,s
(−1)|hi |+|hr ||hs | αir,s (h∗r ⊗ x) (h∗s ⊗ x).
Denote by vi = (−1)|hi |h∗i ⊗ x and wi = (−1)|hi |h∗i ⊗ y . Then
(L,D)=
(∧
(vi,wi),D
)
,
with D(vi)= 0 and D(wi)=∑r,s αir,svr vs .
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We deduce that the minimal model of the sections space is (
∧
(V ⊕W),D ) with
V =H(M;Q)⊗ x, W =H(M;Q)⊗ y,
Dvi = 0 and Dwj =
∑
s,t
αis,tvsvt
when we put vi = hi ⊗ x and wj = hj ⊗ y . This proves Theorem A′. 2
Example. The spaces CP 3 and S2 × S4 have the same Betti numbers. The spaces
C3(CP 3) and C3(S4×S4) do not have the same Betti numbers as shown by an elementary
computation.
rankHn(X) 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
C3(CP 3) 1 1 2 2 1 1 1 1
C3(S2 × S4) 1 1 2 2 1 2 1 1 1
We give here few details on these computations in case X = CP 3. Denote by a2i, 06
i 6 3, a basis of H∗(CP 3) with a0 = 1. The comultiplication in H∗(CP 3) is given by
∆a0 = a0⊗ a0,
∆a2 = a0⊗ a2 + a2⊗ a0,
∆a4 = a0⊗ a4 + a2⊗ a2 + a4⊗ a0,
∆a6 = a0⊗ a6 + a2⊗ a4 + a4⊗ a2 + a6 ⊗ a0.
By Theorem A′, a model for Γ (M,Sq) is given by(∧
(V ⊕W),D
)
with V = (v0, v1, v2, v3), |vi | = q+6−2i ,W = (w0,w1,w2,w3), |wi | = 2q+12−1−2i .
The differential is defined as follows:
D(vi)= 0,
D(w3)= 2v0v3 + 2v1v2,
D(w2)= 2v0v2 + v21 ,
D(w1)= 2v0v1,
D(w0)= v20 .
We obtain
H∗
(
C1(CP 3);Q
)= s−qV ∼=H∗(CP 3;Q),
H∗
(
C2(CP 3);Q
)= s−2q(H(W ⊕ 2∧V,D))= s−2q( 2∧V/D(W)).
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An explicit basis of
∧2
V/D(W) is given by {v21, v1v2, v22, v1v3, v2v3, v23}.
H∗
(
C3(CP 3);Q
)= s−3q(H((W ⊗ V )⊕ 3∧V,D)).
A basis for the homology is given by the classes of the following cocycles
v33 v
2
2v3 2v3w0 − v0w3 + v2w1
v1v
2
3 v1v2v3 2v2w0 − v0w2 + v1w1
v2v
2
3 v
2
1v3 v1w0 − v0w1
v32 .
4. Euler characteristic
By Theorem A, we have
χ
(
Ck(M)
)= χ(H∗( ⊕
r+2s=k
r∧
V ⊗
s∧
W,D
))
= χ
( ⊕
r+2s=k
r∧
V ⊗
s∧
W
)
=
∑
r1+r2+2(s1+s2)=k
(−1)r2+s1 dim
( r1∧
V even ⊗
r2∧
V odd⊗
s1∧
W odd ⊗
s2∧
W even
)
.
Therefore
∞∑
k=1
χ
(
Ck(M)
)
tk
=
∑
r1,r2,s1,s2
(−1)r2+s1 dim
( r1∧
V even ⊗
r2∧
V odd
⊗
s1∧
W odd ⊗
s2∧
W even
)
tr1+r2+2(s1+s2)
=
(∑
r1
tr1 dim
( r1∧
V even
))
·
(∑
r2
(−t)r2 dim
r2∧
V odd
)
·
(∑
s1
(−t2)s1 dim
s1∧
W odd
)
·
(∑
s2
t2s2 dim
s2∧
W even
)
= (1− t)
dimV odd(1− t2)dimW odd
(1− t)dimV even(1− t2)dimW even
= (1− t)
dimH odd(M;Q)(1− t2)dimH even(M;Q)
(1− t)dimH even(M;Q)(1− t2)dimH odd(M;Q)
= (1+ t)
dimH even(M;Q)
(1+ t)dimH odd(M;Q) = (1+ t)
χ(M).
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